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· Direct comparison test : · [an diverges E [6- diverges
[a- [br

· [bn converges t [an converges

· Two very important series :

Geometric Series: Exponential Series :
*

*

Ern = Fr i = e

n =-
-

Today : power Series and Tayler Series I
-

Let's start with the idea of Linear approximation .
3
x

#I
· Nearby a

,

f(x) P ,
(x)

.

P
, (x) is a live ,

so

P
,
(x) = b + m(x

- a)

· P(x) has the
same slope as f(x) at x = a ,

so

I

Pica) = m = f' (a)

· P
,
(a) = f(a) ,

so we can write

P
,
(x) = f(a) + f(()(x -a)

·We can get more accuracy by looking
at more

derivatives and matching :
↑ (x) = f(a) + f'(a)(u -a)+)(x-a)+. .)(x - a)k
K

th Taylor polynomial centered at a.



· Visually clear that Py approximates f . But
how well ?

Rp(x) = f(x)
- Py(x)

↑

Error

· There isn't a general formula for R(x)
Lifthere were,

K

then we would already know flat ,
which is pointless).

But we can find bambs for
its size

.

#hm (Taylor's The with
Remainder was any

derivative

lactually , just need
k+1)

Fix a ER
. J

Let K21 be an integer and let f
: R-R be smooth*.

Then the Taylor Polynomial Ppla) approximates
flat

in the following sense :

the errortem Rply) = f(x)-Pply) is bounded by
k+ 1

IR( Main!

(where Ma = max(fR(y))
.

I

y = [a,x]

· In many applications ,
we know the values of and

its derivatives flu) at one point .



Ex: Approximating e
We want to approximate" with a quadratic polynomial
on E1 , 17. . How good is our approxiction ?

· Pick a : 8
.

Then

e = 1
,
be

- 0

= 1,e:
E P(x) = 1 + x+

How's the error at the pointx = 1 ?

le"- Plxi) = /Ral =M
with M

=my=xl
Sy IR(1))e0 .

45

* worst
,
PlI) is within 2 .45 of the true value of !

So... what if we kept adding terms?

The approximations

Ph(x)=
al (v

are a sequence
of partial sens ...



RetTo Scieoth. The Taylor series of fat a
is

P(x) =limP(x)
· Note : we know

that the error
has

k+ 1

lim/Rr)1 himMan boundat
k+X

=0
E Man,

doesn'tgetincor
* (Like if

deriva

tooding . (f) =
M)

Special case : McLaurin series is a = 0

P(x)=
*Warning : functions

are not always equal to their

Taylor series (HW2) ·

But many important functions are

C·n+1
·CoX = 1 +0-+...

The great news : these are east to workwith!

Let's do one more definition
,

then put then to

work
.



PetCover seaoutas the series of functions .

-pTi=x

Ex : Geometric series

p(x)=x

Theliusofcreisthe largestpositionaveryes.
-

(C D
·

a+ R
a- R a

Escometric series converges for
lok) and diverges it

(x))
,

so R = 1 :

imme
- 10

The great news : When functions
are power (Taylor) series ,

they are very easy to
work with"

· We can integrate and differentiate term-bypterm :

*

Eat
= a

,

+ 2a
,

x + Jazx*+ ...

=&a
n
- 1

Tax
n + 1



Exacterial population is known to reproduce at
a rate proportional

to the current population :

p = kp

what is plt) ?

Ansatz : write

p(t)=+

at plugin

↑ latat +acti+ a ,t+ ...) = G(ay + a ,

t +ayt + ...)

= a = Bas
Const

2a = ka
,
(t)

39z = kaz (t3)
:

So
,

if the initial population is a = I ,

then

a=
k

a
z
= zka ,

= +k
9= Ra =t
i

an= k

E p(t)== et checke =ke


